Abstract. In this paper we study the compactness of operators on the Bergman space of the unit ball and on very generally weighted Bargmann-Fock spaces in terms of the behavior of their Berezin transforms and the norms of the operators acting on reproducing kernels. In particular, in the Bergman space setting we show how a vanishing Berezin transform combined with certain (integral) growth conditions on an operator T are sufficient to imply that the operator is compact. In the weighted Bargmann-Fock space setting we show that the reproducing kernel thesis for compactness holds for operators satisfying similar growth conditions. The main results extend the results of Xia and Zheng to the case of the Bergman space when 1 < p < ∞, and in the weighted Bargmann-Fock space setting, our results provide new, more general conditions that imply the work of Xia and Zheng via a more familiar approach that can also handle the 1 < p < ∞ case.
Introduction
The Bargmann-Fock space F p := F p (C n ) is the collection of entire functions f on C n such that f (·)e − |·| 2 ∈ L p (C n , dv). It is well known that F 2 is a reproducing kernel Hilbert space with reproducing kernel given by K z (w) = e zw . As usual, we denote by k z the normalized reproducing kernel at z. For a bounded operator T on F p , the Berezin transform of T is the function defined byT (z) = T k z , k z F 2 .
It was proved recently by Bauer and Isralowitz that the vanishing Berezin transform is sufficient for compactness whenever the operator is in the Toeplitz algebra [1] . However, it is generally very difficult to check when a given operator T is in the Toeplitz algebra, unless T is itself a Toeplitz operator or a combination of a few Toeplitz operators, and as such one would like a "simpler" sufficient condition to guarantee this.
In the recent and interesting paper [10] , Xia and Zheng introduced a class of "sufficiently localized" operators on F 2 which includes the algebraic closure of the Toeplitz operators. These are the operators T acting on F 2 such that there exist constants 2n < β < ∞ and 0 < C < ∞ with
It was proved by Xia and Zheng that every bounded operator T from the C * algebra generated by the sufficiently localized operators whose Berezin transform vanishes at infinity, i.e.,
is compact on F 2 . One of their main innovations is providing an easily checkable condition (1.1) which is general enough to imply compactness from the seemingly much weaker condition (1.2) .
The aim of this paper is threefold. First, we wish to extend the Xia-Zheng notion of sufficiently localized operators to both a much wider class of weighted Fock spaces (in particular, the class of so-called "generalized Bargmann-Fock spaces" considered in [8] ) and to a larger class of operators. Note that (1.1) easily implies sup z∈C n C n | T k z , k w F 2 | dv(w) < ∞;
and consequently one should look at generalizations of sufficiently localized operators that allow for weaker integral conditions. Also, note that the ideas in [10] are essentially frame theoretic (see [5] for a discussion of the ideas in [10] from this point of view) and therefore one can not easily extend these ideas to the non-Hilbert space setting. To remedy this, we will provide a simpler, more direct proof of the main result in [10] which follows a more traditional route and which can be extended to other (not necessarily Hilbert) spaces of analytic functions. In particular, we show that our main result, in an appropriately modified form, holds for the classical Bergman space A p on the ball (and in Section 4 we will discuss the possibility of extending our results to a very wide class of weighted Bergman spaces.)
The extension of the main results in [10] to a larger class of operators and to a wider class of weighted Fock spaces is as follows. Let d c = i 4
(∂ − ∂) and let d be the usual exterior derivative. For the rest of the paper let φ ∈ C 2 (C n ) be a real valued function on C n such that cω 0 < dd c φ < Cω 0 holds uniformly pointwise on C n for some positive constants c and C (in the sense of positive (1, 1) forms) where ω 0 = dd c | · | 2 is the standard Euclidean Kähler form. Furthermore, for 0 < p ≤ ∞, define the generalized Bargmann-Fock space F p φ to be the space of entire functions f on C n such that f e −φ ∈ L p (C n , dv) (for a detailed study of the linear space properties of F p φ see [8] ). For operators T acting on the reproducing kernels K(z, w) of F 2 φ , we impose the following conditions. We first assume that
which is enough to conclude that the operator T initially defined on the linear span of the reproducing kernels extends to a bounded operator on F p φ for 1 ≤ p ≤ ∞ (see Section 3). To show that the operator is compact, we impose the following additional assumptions on T :
(1.4) Definition 1.1. We will say that a linear operator T on F p φ is weakly localized (and for convenience write T ∈ A φ (C n )) if it satisfies the conditions (1.3) and (1.4).
Note that every sufficiently localized operator on F 2 in the sense of Xia and Zheng obviously satisfies (1.3) and (1.4) and is therefore weakly localized in our sense too. Now if D(z, r) is the Euclidean ball with center z and radius r, and if T e denotes the essential norm of a bounded operator T on F p φ then the following theorem is one of the main results of this paper: Theorem 1.2. Let 1 < p < ∞ and let T be an operator on F p φ which belongs to the norm closure of A φ (C n ). Then there exists r, C > 0 (both depending on T ) such that
is the class of sufficiently localized operators on F 2 then note that an application of Proposition 1.4 in [5] in conjunction with Theorem 1.2 immediately proves the following theorem, which provides the previously mentioned generalization of the results in [10] (see Section 3 for more details.) Theorem 1.3. Let 1 < p < ∞ and let T be an operator on F p which belongs to the norm closure of
Let us note that one can easily write the so called "Fock-Sobolev spaces" from [4] as generalized Bargmann-Fock spaces, so that in particular Theorem 1.2 immediately applies to these spaces (see [5] for more details.)
To state the main result in the Bergman space setting requires some notation. Let B n denote the unit ball in C n and let the space A p := A p (B n ) denote the classical Bergman space, i.e., the collection of all holomorphic functions on B n such that
The function K z (w) := (1 − zw) −(n+1) is the reproducing kernel for A 2 and
is the normalized reproducing kernel at the point z. We also will let dλ denote the invariant measure on B n , i.e.,
Now let 1 < p < ∞ and let
We are interested in operators T acting on the reproducing kernels of A 2 that satisfy the following conditions. First, we assume that there exists 0 < δ < min{p, p ′ } such that
(1.5)
These are enough to conclude that the operator T initially defined on the linear span of the reproducing kernels extends to a bounded operator on A p (see the comments following the proof of Proposition 2.5). To treat compactness we make the following additional assumptions on T : there exists 0 < δ < min{p,
Definition 1.4. We say that a linear operator T on A p is p weakly localized (which we denote by T ∈ A p (B n )) if it satisfies conditions (1.5) and (1.6).
Note that the condition 0 < δ < min{p, p ′ } implies that both 1 −
are strictly between n−1 n+1 and 1. Furthermore, note that when p = p ′ = 2, we have that
< 1 precisely when 0 < δ < 2. Thus, in this case we can rewrite condition (1.5) in the following simpler way: there exists n−1 n+1 < a < 1 where
Of course, one can similarly rewrite condition (1.6) when p = 2. We prove the following result.
Theorem 1.5. Let 1 < p < ∞ and let T be an operator on A p which belongs to the norm closure of
It will be clear that the method of proof also will work for the weighted Bergman space A p α , and we leave this to the interested reader to verify. We wish to emphasize that when the operator T belongs to the Toeplitz algebra generated by L ∞ symbols, this result is known through deep work of Suárez, [9] in the case of A p . See also [7] for the case of weighted Bergman spaces. We will prove below that the Toeplitz algebra on A p generated by L ∞ symbols is a subalgebra of the norm closure of A p (B n ). In particular, the results of this paper provide a considerably simpler proof of the main results in [7, 9] for the p = 2 situation (though it should be noted that a similar simplification when p = 2 was provided in [6] .)
The structure of this paper is as follows. In Section 2 we provide the extension of the the Xia and Zheng result to the Bergman space on the unit ball B n , and in particular we prove Theorem 1.5. In Section 3 we prove Theorems 1.2 and 1.3 which provides an extension of the Xia and Zheng result in the case of the generalized Bargmann-Fock spaces. Finally in Section 4 we will briefly discuss some interesting open problems related to these results.
Bergman Space Case
Let ϕ z be the Möbius map of B n that interchanges 0 and z. It is well known that
and as a consequence we have that
Using the automorphism ϕ z , the pseudohyperbolic and hyperbolic metrics on B n are defined by ρ(z, w) := |ϕ z (w)| and β(z, w) :
Recall that these metrics are connected by ρ = e 2β −1 e 2β +1
= tanh β and it is well-known that these metrics are invariant under the automorphism group of B n . We let
denote the hyperbolic disc centered at z of radius r. Recall also that the orthogonal (Bergman) projection of L 2 (B n , dv) onto A 2 is given by the integral operator
Therefore, for all f ∈ A p we have
As usual an important ingredient in our treatment will be the Rudin-Forelli estimates, see [11] or [6] . Recall the standard Rudin-Forelli estimates:
for all r > κ > s > 0, where κ = κ n := 2n n+1
. We will use these in the following form: There exists for all n−1 n+1 < a < 1 we have that
To see that this is true in the classical Bergman space setting, for a given n−1 n+1 < a < 1 set r = 1 + a and s = 1 −a > 0. Then r + s = 2, and since a > n−1 n+1
we have that r = 1 + a > 2n n+1 . Furthermore since 0 < a < 1 we have that 0 < s < 1 ≤ 2n n+1
. By plugging this in (2.3) we obtain (2.4).
We will also need the following uniform version of the Rudin-Forelli estimates.
Proof. Notice first that
where in the last integral R = log
Notice that R ′ → 1 when R → ∞ and note that the last integral can be written as
, where
It is well known, and very simple to check (see [11, p. 15] ) that
where last relation follows from the Stirling formula. Thus, if ǫ > 0 is chosen such that both ǫ < (1 − a) and
Therefore, we obtain the desired conclusion by taking the limit as R → ∞ (which is the same as R ′ → 1).
First, we want to make sure that the class of weakly localized operators is large enough to contain some interesting operators. This is indeed true since every Toeplitz operator with a bounded symbol belongs to this class.
Proposition 2.2. Each Toeplitz operator
Proof. Clearly it is enough to show that
Therefore,
Now for z, x ∈ B n , set
First note that
To estimate the first integral notice that for x ∈ D z,
c . Therefore, the first integral is no greater than
It is easy to see that the last expression is no greater than C(a) u ∞ A r 2
and C(a) is just the bound from the standard Rudin-Forelli estimates (2.4). Estimating the second integral is simpler. The second integral is clearly no greater than
By the standard Rudin-Forelli estimates (2.4) the inner integral is no greater than
where the constant C(a) is independent of z and x. So, the whole integral is bounded by
Applying the uniform Rudin-Forelli estimates (2.5) in Lemma 2.1 completes the proof since
We next show that the class of weakly localized operators forms a * -algebra.
Proof. It is trivial that T ∈ A 2 (B n ) implies T * ∈ A 2 (B n ). It is also easy to see that any linear combination of two operators in A p (B n ) must be also in A p (B n ). It remains to prove that if T, S ∈ A p (B n ), then T S ∈ A p (B n ). To that end, we have that
Proceeding exactly as in the proof of the previous Proposition and using the conditions following from T, S ∈ A p (B n ) in the place of the local Rudin-Forelli estimates (2.5) (and replacing a with 1 − 2δ p(n+1)
) we obtain that
The corresponding condition for (T S)
* is proved in exactly the same way.
We next show that every weakly localized operator can be approximated by infinite sums of well localized pieces. To state this property we need to recall the following proposition proved in [6] Proposition 2.4. There exists an integer N > 0 such that for any r > 0 there is a covering F r = {F j } of B n by disjoint Borel sets satisfying (1) every point of B n belongs to at most N of the sets
We use this to prove the following proposition, which is similar to what appears in [6] , but exploits condition (1.6).
Proposition 2.5. Let 1 < p < ∞ and let T be in the norm closure of A p (B n ). Then for every ǫ > 0 there exists r > 0 such that for the covering F r = {F j } (associated to r) from Proposition 2.4, we have:
Proof. By Lemma 2.3 in conjunction with Proposition 2.4 and a simple approximation argument, we may assume that T ∈ A p (B n ). Now define
Given ǫ choose r large enough so that
Now for any z ∈ B n let z ∈ F j 0 , so that
To finish the proof, we will estimate the operator norm of the integral operator on
Similarly, we have that
which completes the proof.
It should be noted that a very similar Schur test argument actually proves that condition (1.5) implies that T is bounded on A p . We can now prove one of our main results whose proof uses the ideas in [6, Theorem 4.3] and [5, Lemma 5.3] . First, for any w ∈ B n and 1 < p < ∞, let k (p) w be the "p -normalized reproducing kernel" defined by
Clearly we have that k Theorem 2.6. Let 1 < p < ∞ and let T be in the norm closure of A p (B n ). Then there exists r, C > 0 (both depending on T ) such that
where T e is the essential norm of T as a bounded operator on A p .
Proof. Since P : L p (B n , dv) → A p is a bounded projection, it is enough to estimate the essential norm of T = T P as an operator on from A p to L p (B n , dv). Clearly if T P e = 0 then there is nothing to prove, so assume that T P e > 0. By Proposition 2.5 there exists r > 0 such that for the covering F r = {F j } associated to r (from Proposition 2.4)
Since j<m M 1 F j T P M 1 G j is compact for every m ∈ N we have that T P e (as an operator from A p to L p (B n , dv)) can be estimated in the following way:
where
We will complete the proof by showing that there exists C > 0 where
If f ∈ A p is arbitrary of norm no greater than 1, then
Therefore, we have that
, where Therefore, for all f ∈ F p φ we have
where k w (z) := K w (z)e −φ(w) . Note that |K(z, z)| ≈ e 2φ(z) (see [8] ) so that
The following analog of Lemma 2.1 is simpler to prove in this case.
To prove this, simply note that there exists ǫ > 0 such that k z , k w F 2 φ ≤ e −ǫ|z−w| for all z, w ∈ C n . The proof of this is then immediate since
which clearly goes to zero as R → ∞.
As in the Bergman case, A φ (C n ) contains all Toeplitz operators with bounded symbols. Also, as was stated in the introduction, any T ∈ A φ (C n ) is automatically bounded on F p φ for all 1 ≤ p ≤ ∞. To prove this, note that it is enough to prove that T is bounded on F 1 φ and F ∞ φ by complex interpolation (see [5] ). To that end, we only prove that T is bounded on F 1 φ since the proof that T is bounded on F ∞ φ is similar. If T ∈ A φ (C n ) and f ∈ F 1 φ , then the reproducing property gives us that
Thus, by Fubini's theorem, we have that
In addition, A φ (C n ) satisfies the following two properties:
−ǫ|z−w| for some ǫ > 0 we have that
C n e −ǫ|z−x| e −ǫ|x−w| dx.
Now if |z − w| ≥ r then by the triangle inequality we have that either |z − x| ≥ r/2 or |x − w| ≥ r/2 so that
Note that T u is sufficiently localized even in the sense of Xia and Zheng by [10, Proposition 4.1]. Also note that a slight variation of the above argument shows that the Toeplitz operator T µ ∈ A φ (C n ) if µ is a positive Fock-Carleson measure on C n (see [8] for precise definitions).
We will omit the proof of this proposition since it is proved in exactly the same way as it is in the Bergman space case (where the only difference is that one uses (3.1) in conjunction with (3.2) instead of (2.2).)
We next prove that operators in the norm closure of A φ (C n ) can also be approximated by infinite sums of well localized pieces. To state this property we need to recall the following proposition proved in [6] Proposition 3.4. There exists an integer N > 0 such that for any r > 0 there is a covering F r = {F j } of C n by disjoint Borel sets satisfying (1) every point of C n belongs to at most N of the sets
We use this to prove the following proposition, which is similar to what appears in [6] , but exploits condition (1.4) (and is proved in a manner that is similar to the proof of [5, Lemma 5.2]). Note that for the rest of this paper, L p φ will refer to the space of measurable functions
Proposition 3.5. Let 1 < p < ∞ and let T be in the norm closure of A φ (C n ). Then for every ǫ > 0 there exists r > 0 such that for the covering F r = {F j } (associated to r) from Proposition 3.4
Proof. Again by an easy approximation argument we can assume that T ∈ A φ (C n ). Furthermore, we first prove the theorem for p = 2.
Define
Now for any z ∈ C n , pick j 0 such that z ∈ F j 0 . Then we have that To finish the proof when p = 2, we will estimate the operator norm of the integral operator on L (and moreover, one can make a similar remark regarding Theorem 3.6). In particular, a trivial application of Hölder's inequality in conjunction with the above remark implies that one can prove the so called "reproducing kernel thesis" for operators in the norm closure of A p (B n ) (respectively, A φ (C n )) without the use of any "translation" operators. It would therefore be interesting to know if our results can be proved for the weighted Bergman spaces on the ball that were considered in [3] for example. Moreover, it would be interesting to know whether one can use the ideas in this paper to modify the results in [6] to include spaces where condition A.5 on the space of holormophic functions at hand is not necessarily true (note that it is precisely this condition that allows one to easily cook up "translation operators".)
It would also be very interesting to know whether "translation" operators are in fact crucial for proving Proposition 2.7 and its generalized Bargmann-Fock space analog (again see [5, Proposition 1.4] ). More generally, it would be fascinating to know precisely how these translation operators fit into the "Berezin transform implies compactness" philosophy since at present the answer to this seems rather mysterious.
As was noted earlier, the techniques in [10] are essentially frame theoretic, and therefore are rather different than the techniques used in this paper. In particular, a crucial aspect of [10] involves a localization result somewhat similar in spirit to Proposition 3.5 and which essentially involves treating a "sufficiently localized" operator T as a sort of matrix with respect to the frame {k σ } σ∈Z 2n for F 2 . Also, note that the techniques in [10] were extended in [5] to the generalized Bargmann-Fock space setting to obtain results for F 2 φ that are similar to (but slightly weaker than) the results obtained in this paper. Because of these considerable differences in localization schemes, it would be interesting to know if one can combine the localization ideas from this paper with that of [5, 10] 
